Using higher-dimensional gravity in (4+D)-dimensional space-time, lagrangian density of riccion is obtained with the quartic self-interacting potential. It is found that after compactification to 4-dimensional space-time the resulting theory is one-loop multiplicatively renormalizable. Renormalization group equations are solved and their solutions yield many interesting results such as (i) dependence of extra dimensions on the energy mass scale showing that these dimensions increase with the increasing energy mass scale such that D = 6 at extremely high energy, (ii) phase transition at 2.82 x 10 16 GeV and (iii) dependence of gravitational as well as other coupling constants on energy scale. Results also suggest that space-time above 2.82 x 10 16 GeV should be fractal.
Introduction
Higher-derivative gravity is an important candidate from the last many years. It obeys the principle of covariance as well as the principle of equivalence which are basic principles of the general relativity. While quantizing gravity, this theory has problems at the perturbation level where ghost terms appear in the Feynman propagator of graviton [1] .
Recently a different feature of higher-derivative gravity has been noted. The present paper deals with the new feature of this theory. In refs. [2] [3] [4] [5] , it has been discussed that Ricci scalar, which is a geometrical field, also behaves like a matter field at high energy scales. Here dual roles of Ricci scalar R (like a matter field as well as a geometrical field) are exploited. The matter aspect of R is represented by a scalar field R = ηR (where η has length dimension and unit magnitude in natural units defined below). In quantum field theory, fields are treated as physical concepts describing particles. After the name of the great mathematician Ricci, a particle described by R is called ricci on.
In the earlier work [2] [3] [4] [5] , riccions are obtained from the 4-dim. space-time geometry which has been discussed in Appendix A. In what follows, riccions are obtained from the higher-dimensional geometry with topology M 4 ® T D (M 4 is the 4-dim. space-time with signature (+,-,-,-) and T D is D-dimensional torus which is an extra-dimensional space). The distance function is defined as
where g^u(n, ν = 0,1, 2, 3) are components of the metric tensor,
. The paper is organized as follows. In section 2, taking the action for higher-derivative gravity in (4+D)-dimensional space-time, action for the riccion is obtained. Section 3 contains one-loop quantum correction to riccion, calculation of counter-terms and renormalization. Renormalization group equations are obtained and solved in section 4. Section 5 is the concluding section where results are discussed.
Natural units are defined as ΚB = h = c = 1 (where ΚB is Boltzman's constant, h is Planck's constant divided by 2π and c is the speed of light), which are used throughout the paper.
Riccions from (4+D)-dimensional geometry
The action for the higher-derivative gravity in (4+D)-dim. space-time is taken as 
with semi-colon (;) denoting curved space covariant derivative and
Trace of these field equations is obtained as
In the space-time described by the distance function defined in eq.(1. 
To exploit the matter aspect of the 4-dimensional Ricci scalar R obtained from the higher-dimensional geometry, R is treated as a basic physical field, because it behaves like a matter field representing the matter aspect of R ( see Appendix A for details ) . As a result, the lagrangian density leading to eq.(2.8) is written as and I" is a term for higher-loop quantum corrections. In eq.(3.1), JJL is a mass parameter to keep F^ dimensionless.
To evaluate Y^l\ the operator regularization method [7] is used . Upto adiabatic order 4 (potentially divergent terms are expected upto this order only in a 4-dim. theory), one-loop correction is obtained as ( S _1) where
After some manipulations, the lagrangian density in In eq.(3.4b), δλi = (δm 2 , #A, #A, δξ, δγ 0 , ^£i, ^2, δγ3, δγ4) are counter-terms, which are calculated using the following renormalization conditions [8] A -
Eqs.(3.4) and (3.5) yield counter-terms as
4 Renormalization group equations and their solutions
The effective renormalized lagrangian can be improved further by solving renormalization group equations for coupling constants \. For this purpose one-loop β-functions, defined by the equation [1, [8] [9] with counter-terms δλi from eqs. It is interesting to see from this result that D increases with increasing energy mass scale fj, and it is equal to 6 when JJL -> . Moreover, it is not necessarily an integer but a real number. Thus this result suggests that dimension of the space-time will be equal to 4 at /i = m c and will increase continuously with increasing energy mass scale upto 10 at extremely large energy scale. Non -integer values of the dimension also indicate that the space-time above the energy mass scale \i = m c should be fractal [10] [11] , as fractal dimensions need not be integers like topological dimensions.
Eqs. 16 GeV. According to the standard model of grand unified theories, strong and electro-weak interactions unite at 10 15 GeV. But gravity maintains its identity different from these interactions upto this energy scale also. So unification of these interactions are expected above 10 15 GeV [12] . Thus symmetry breaking, due to phase transition at 2.82 x 10 16 GeV (discussed above) is expected to be the energy mass scale where gravity decouples from strong-electroweak interaction. In other words, these results suggest that unification of gravity with strong-electroweak interaction should take place at 2. As discussed in the preceding section, another interesting result is given by eq.(4.5) which suggests that above the energy mass scale fi = (1 + 3 x 10~6)m c ~ 2.28 x 10 16 GeV, space-time should be fractal [10] [11] . Moreover, according to this result, dimension of space-time increases from 4 to 10 with increasing energy mass scale. Equation 
(2A)
where semi-colon (;) denotes covariant derivative with respect to the geometry of spacetime.
Trace of these field equations yields R R 2^ = R 2^ are vector components as R 2 is a scalar. So, analogous to Lorentz gauge used in the case of gauge fields, one can use a gauge condition 
